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Advanced time-series analysis (University of Lund, Economic History Department) 
 30 Jan-3 February and 26-30 March 2012 
Lecture 7 Conditional heteroscedasticity models: ARCH and GARCH techniques and their 
applications. 
 
 
7.a Motivation and the basic ARCH model 
 
Standard time series models are concerned about estimating the conditional expected value 

of a process: 
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Where traditionally it is assumed that  
2(0, )t uu N  , or at least that the residuals are homoscedastic ( 2

u is constant and does not 

depend on X or t) and serially uncorrelated (meaning that all information that can be used 
for prediction is incorporated in the model). I will refer to this equation as “level equation”. 
If the homoscedasticity condition was violated, we either had the standard errors adjusted 
(heteroscedasticity robust standard errors) or we used a Weighted Least Squares. This was 
done in order to have more efficient estimates of the level equation.  
But the variance of the residual (or residual volatility) can also be of importance to us: it can 
be a measure of unpredictability or risk. While it is the most popular in financial 
econometrics, it has also been used in macroeconometrics (Engle 1982)1 and economic 
history (Földvári and Van Leeuwen 2011)2. Also it is a very often observed fact that there are 
more and less volatile periods, that is, volatility may be clustered (in short: volatility changes 
over time). This needs to be modeled.  
The idea is the following: 
The variance of the error term in the level equation can be written as: 
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where we already assume that the variance may change over time (that is why the subscript 
t is added). So what we assume is that the variance of the residual can be explained by the 

past variances. Since ( ) 0tE u  , the above equation can be rewritten purely in terms of the 

squared residuals: 
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  which is an Autoregressive 

Conditional Heteroscedasticity (ARCH(m)) model.  If 0j  you have a clustering and also it 

is quite obvious that it will lead to a more leptokurtic (positive excess kurtosis) residuals 
from the level equation. Also, since residual variance is strictly positive, you have an 
assumption that the estimated (conditional) volatility is also positive. 
The conditional volatility model is actually an estimation of the two equations: 

the level equation: 0
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1 Engle, R. F. (1982). Autoregressive conditional heteroscedasticity with estimates of the variance of United 

Kingdom inflation. Econometrica 50, 4: 987–1007. 
2
 Földvári, P. and Van Leeuwen, B. (2011) Conditional heteroscedasticity in historical commodity price series 

Cliometrica, 5(2):165-186). 
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and the variance equation: 2 2
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Very often the residual variance 2

tu is denoted by h. 

Often the residual term from the level equation is written as: 
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Of course, you will use the squared residuals to obtain some knowledge regarding the 

volatility of the series that are not the same. So: 2 2

tu t tu e   2(0, )t ee WN  . Basically you 

say here that your squared residual can be modeled by an AR(m) model: 
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   , where 2 2 2(0, )
tt t u ee u WN    Of course, if your series is 

stationary, its variance should also be finite, so the variance equation should have the 

coefficient accordingly (it should be a stable process). If, for example, 2 2

0 1tu tu    , you will 

end up with a non-finite variance. 
 
7.b Testing for ARCH type heteroscedasticity 
 
The fundamental test for the need of a conditional heteroscedasticity model is one of the 
heteroscedasticity models and you can find it accordingly among the residual 
diagnostic/heteroscedasticity tests: 

 
This requires however that you first have a model for the level equation. 
If you have no structural model in mind you can always return to the Box-Jenkins 
methodology. 
Fris tof all, make the best possible test using the Box-Jenkins method. For this example I use 
the Table f5.1 and look for an ARIMA type model for the inflation. 
Since unit-root tests suggest that the inflation is I(1) I take its first-difference and go on with 
the specification. Finally it turns out that an AR(2) model fits the change of inflation fine so 
we choose a ARIMA(2,1,0) model for it:  
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Note that I found some seasonality in the series so I choose the simplest approach to 
correcting for this and included dummies for the quarters. The residual autocorrelation is 
not significant at 10% at any lags, so we can live with this. 
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Series: Residuals
Sample 1950Q4 2000Q4
Observations 201

Mean      -5.24e-12
Median   0.210338
Maximum  4.997198
Minimum -9.995525
Std. Dev.   2.248232
Skewness  -0.754793
Kurtosis   5.110088

Jarque-Bera  56.37484
Probability  0.000000

 
The residual is not normally distributed though, that may be because of some unmodelled 
structure of the volatility. The ARCH test is carried out with 4 lags: 

 
The level equation is: 
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The test equation for the ARCH test is: 
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Where in case of no ARCH type structure in the residual volatility, you should expect that 

1 2 3 4
ˆ ˆ ˆ ˆ 0       which is the null hypothesis of the test. So basically you carry out a 

joint significance test on the test equation. 



4 
 

In the above case we find that the null hypothesis is rejected at 1%, so some further analysis 
may be warranted. 
Alternatively, you can use the Q-test of the squared residuals: 

 
This shows us that the squared residuals from the regression show a degree of 
autocorrelation. 
Finally you can rely on CUSUMSQ test as well, but this time you check for a structural 
instability of the squared recursive residuals, so it can show you if residual variance depends 
on time: 
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Again this suggests residual variance being dependent on time. 
 
 
7.c. Estimating an ARCH model 
 
There are two options to estimate an ARCH model. The first is to estimate the level and 
variance equations as a system (that is simultaneously). This can be done with a Maximum 
Likelihood method. Another option is to do the estimation in two steps. First you estimate 
the level equation with an OLS/WLS or ML (in case of an ARMA type model ML is preferable). 
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If you use a least-squares approach, it may be worthwhile to use a WLS because of the 
heteroscedasticity of the residual. 
After this, you can use a standard regression technique again on the squared residuals from 
the level equation, which is basically the same as the ARCH test. When will you go for a two-
step approach? Especially in historical analysis you often have a lot of missing observations 
in your sample. In standard softwares, like Eviews, ML algorithms are not capable of treating 
missing observations, so you will be forced to go for an alternative.  
If you use the built-in ARCH estimation procedure of the Eviews you should specify both 
equations: 
 
Now we tell the EViews that the level equation should be a ARIMA(3,1,0) type model, while 
the variance equation should be a ARCH(4) type. We also say that we believe that the errors 
follow a normal distribution. We obtain the following results: 

 
Seemingly the ARCH(4) was not the best idea as we have two insignificant coefficients. 
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We can start to improve the model, and look at the information criteria for a lead in 
selection.  
You can for example assume that there is seasonality in the variance as well, meaning that in 
some quarters you tend to have higher or lower variance of the residual. 
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We find that in the 2nd, 3rd and 4th quarters the volatility is lower than in the first. This is not 
very surprising, since most price changes occur in the beginning of the year. 
You can also add or remove lags. In this case we find that an ARCH(5) model has the lowest 
AIC and SBC statistics. 

 
The residual has no serial correlation significant at 1%: 

 
Some are significant at 5% though. You can add a further lag of the dependent variable to 
the level equation. 
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But this will not help you much. 
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Sample 1951Q1 2000Q4

Observations 200

Mean       0.079501

Median   0.090113

Maximum  3.100286

Minimum -2.608892

Std. Dev.   1.012874

Skewness  -0.083539

Kurtosis   2.829529

Jarque-Bera  0.474793

Probability  0.788679

 
The residuals seem normally distributed though. 
We can also check if there is any ARCH type heteroscedasticity remaining in the residuals: 

 
 
Our estimate for the residual variance can also be graphed: 
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Showing that the volatility of inflation was especially large during the first half of the 1980s 
and the beginning of our sample, the early 1950s. 
 
7.d GARCH: motivation and estimation 
 
Bollerslev introduced a more general formation of the conditional heteroscedasticity 
models. The GARCH (p,m) model looks as follows: 
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which is an ARMA(max(p,m),p) representation of the square residual. 
In case of a GARCH(1,1) we assume that: 

1
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    , which is equivalent with believing that  

 2 2
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Obviously, this model is stationary if 1 1 1   . If this is not the case, the residual variance 

(or the volatility) is not finite. 
A GARCH model is usually estimated by a ML procedure. 
The above model can be re-estimated as a GARCH model as follows: 



10 
 

 
The Akaike Information Criterion suggest that the ARCH(5) fits the data better than a 
GARCH(1,1) but the Schwarz criterion suggest that the GARCH is the better model. A 
GARCH(2,1) will perform even better: 
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Median   0.017190

Maximum  2.851424

Minimum -3.277575

Std. Dev.   1.008829

Skewness  -0.107196

Kurtosis   3.226851

Jarque-Bera  0.811880
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7.e. Further extensions of the methodology 
 
There are a lot of possible extensions of the conditional heteroscedasticity methodology.  
 
Interrelation between variance and level (GARCH-M) 
 
We can assume that higher volatility has an effect on the level. This means a small 
modification of the level equation: 
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We find here that in periods with high volatility inflation tends to be lower.  
 
Threshold ARCH and GARCH (T-ARCH/T-GARCH) 
 
It is also possible that the previous period’s volatility has asymmetrical effect on today’s 
volatility depending on the movement of the dependent variable. In other words, if we had a 
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positive shock in inflation (ut-1 is positive) than it is going to have a bigger impact on volatility 
now than a negative shock. This requires that we adjust the variance equation a bit: 

  
1

2 2 2 2
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t tu u t t tu I u u     

          

Where 1( 1)tI u   is an indicator variable (a dummy) taking the value one only if the previous 

period’s residual was negative. 
 

 
The results suggest that the effect of a shock on the volatility of inflation does depend on the 
direction of the shock. Negative shock to inflation has a much lower effect on volatility, than 
positive shocks. Actually, with a Wald-test we can even find out that a negative shock has no 
impact on volatility at all while a positive shock does.  

 
 
Exponential GARCH (EGARCH) 
 
The variance equation is modified as follows (EGARCH(1,1): 
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   or if you expect an asymmetric effect of shocks: 
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where, if λ1≠0, there is an asymmetry. Additional advantage is the you have can only have 
positive estimated values of conditional volatility. 
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Mean      -0.032158

Median  -0.113136

Maximum  2.628276

Minimum -3.274285

Std. Dev.   0.998506

Skewness  -0.100080

Kurtosis   3.301729
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7.f. Some applications 
 
Forecasting risk: 
 
We take the Dow Jones index at close between Jan 1990 and Apr 2011 (dataset is dj.wf1). 
This is a monthly data, normally we would use high frequency data (daily or weekly) but this 
will do now. The log difference of the index is a kind of weighted monthly returns on the 
stocks traded at NYSE. The returns are stationary: 
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   And has no serial correlations: 

 
This seems to nicely confirm the weak form of the efficient market hypothesis. 
The distribution of the returns is not normal though: 

 
And we find evidence for an ARCH type structure in the volatility of the returns. 
An GARCH(1,1) model seems to fit the data nicely: 
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We find that a TGARCH model is even better, and negative shocks in returns seem to have 
had a bigger impact on volatility than positive shocks. This is referred to as leverage effect in 
the literature: price falls can have larger impact on volatility than price increases. 
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We can observe that certain periods were especially volatile, like the first half of 1998 or, not 
surprisingly, mid-2008. 
One thing we can do with an ARCH/GARCH model is to forecast how risky the next period is 
going to be. We can use a static forecast to see how good the model would have performed 
in one period ahead forecasts: 
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Looking for trends in market performance: 
 
In economic history the working of markets has become a focal point. Event hough this is 
often labeled as market efficiency, we should rather distinguish it from standard market 
efficiency (as suggested by Fama 1965)3. Normally economic historians look at the volatility 
of prices as a measure of the degree of integration and generally the efficiency of the 
markets in coping with risks.  
As long as this exercises is done on cross-sectional data (that is, one looks at prices within 
the same period but from different places) we have nothing to add here. Still, it became 
increasingly popular to look not only on the spatial but also on the dynamic aspect of price 
volatility, where some special time-series problems may appear. For a detailed description 
you can consult Földvári and Van Leeuwen (2011).4 
 
In case of cross sectional data, it is a standard exercise to calculate the Coefficient of 
Variation (CV) of the observed prices. The CV is the ratio of the standard deviation and the 
mean. If we have reason to believe that your observations come from the same probability 
distribution, that is, there exist a finite mean and standard deviation of them, this method 

                                                      
3
 Fama, E. F. (1965) The Behavior of Stock-Market Prices. The Journal of Business, Vol. 38, No. 1., 34-105. 

4
 Földvári, P. and Van Leeuwen, B. (2011) Conditional heteroscedasticity in historical commodity price series 

Cliometrica, 5(2):165-186). 
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works fine. For example, you can calculate the CV for the price of grain for 50 cities in Europe 
in 1800 and in 1850 and then compare the two CVs. 
Recently more authors started to look at the CV measured over time. So, they take single 
geographical unit, say a single city, and calculate the CV of the prices for a given period. Then 
they repeat this for another interval of time and they draw conclusions based on the 
observed differences. In the cited article we argue that this is incorrect. To see why, we need 
to accept that in most cases prices tend to exhibit trend-like behavior. This can be due to 
trend-stationarity but also if prices are random-walks with drift. The latter is more in line 
with the classical understanding of the efficient markets, but in case of historical prices you 
can find stationary prices as well. 
Let us assume that the logarithm of a price (pt) is a random-walk with drift process: 

1ln lnt t tp p      

Using logarithm is not only due to some nice properties of taking logarithm, but because the 
standard deviation of the log prices is very close to the CV of the level of prices. So what we 
can find out about the standard deviation of the log prices is also true for the CV of the 
prices, without logartihmization. 
We already know that the above process can be rewritten as: 
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   if  2(0, )t WN   we would obtain the well-known relationship: 

2 2

ln t tp t   or ln t tp t   where we already used the idea that  0(ln ) lntE p p t  . 

Obviously, both moments (expected value and variance) depends on time. That is, there is 
no unique, finite mean or variance. The method of Coefficient of Variation depends on the 
assumption that you have a variance and a mean that is constant over time. This is obviously 
not right. 
So what should we expect? The longer the sample, the higher the variance gets. This has 
nothing to do with any “efficiency” of the markets whatsoever, or a detrimental process in 
integration of markets. This comes simply because the underlying prices are not mean-
reverting and this inflates variance. 
One solution is to difference prices before calculating their variance. This is a possible way to 
go, but it will only work if your price series are indeed classic random-walk processes. If not, 
because the DGP looks like this. 

0 1 1 2 2ln ln lnt t t tp p p        , first-differencing will yield the following: 

 0 1 1 2 2ln 1 ln lnt t t tp p p          so your estimated volatility of log p will have 

more than what you really wished for: 

 
1 2

22 2 2 2 2

ln 1 ln 2 ln1
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For this reason the first step should be a modeling of the expected value of the prices 
(estimating a level equation) than you can further estimate the residual variance (variance 
equation). In other words, you should rather trust an ARCH/GARCH framework once you 
would like to learn something about the time trend of the volatility of prices. The volatility 
can be thought to be a combination of purely random shocks (θ) that is assumed to be a 
white noise process and a multiplier that reflect the market’s ability to cope with this shocks 
(λt).  

  t t t   , where 2(0, )t WN    

If we find lambda to decrease over time, we have evidence for a better performance of the 
market to cope with the unexpected. 
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To test this we have now the price of wheat in Paris 1549-1697. 
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There is an obvious upward trend in the data. If you used the standard methodology you 
would find something like this: 
sample std deviation of log wheat 

(roughly the CV) 
t 

1549-1697 0.503 149 

1549-1580 0.406 32 

1581-1640 0.333 60 

1641-1697 0.400 57 

 
The most striking finding is that the volatility of the whole sample, that we would expect to 
be some kind of average of the volatility of the sub-samples, is actually higher than any of 
the sub-samples. The reason is obvious: the primitive method will yield biased estimates. If 
one still believed in the above results, one would come to the conclusion that there was 
some improvement in terms of volatility during the first half of the 17th century, but later 
this turned to the opposite. One way is to take the first differences: 

   
The estimated standard deviation is now 0.270, much lower than with the above method. 
Still, even this can be misleading as this residual variance may contain a lot of information 
that could not really be brought into connection with any kind of market performance. So 
we find the best ARMA model. The big question is whether we should difference the log 
prices or not: 
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The best known unit-root test (Ng-Perron) cannot help us out here as it can reject the unit 
root hypothesis at 5% but not at 1% (MZa and MZt) and it can reject stationarity only at 1% 
(MSB and MPT). 
Luckily, it does not make much difference if we just take the first difference of the prices 
independently whether it has a unit-root or not. Nevertheless, with historical data you 
should be careful not to difference unless it is needed since the ratio of measurement errors 
to signal may increase as a result of differencing. The seemingly best model has only a 
second-order autoregressive term: 

 
But even this has already reduced the residual standard deviation to 0.248, so our fears that 
taking simply first-difference may not be enough (can be a good approximation, though) is 
justified. There is no apparent serial correlation in the residual: 

  
But the correlogram of the squared residuals (right) indicate some ARCH type behavior. 
Now we can turn to a ARCH/GARCH model: 
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We introduce a time trend in the variance equation to test if there was any improvement in 
residual variance, but one we took care of the possibly expandable part of prices, the 
residual variance does not seem to contain any significant trend any more.  


